For the convenience of use, this note presents the WDVV-style relations for Welschinger's invariants counting real curves in real symplectic fourfolds, announced in [14] and established in [4] , specializes the two relations to the projective plane, its real blowups, and the quadric surface with two different involutions, and includes tables of some low-degree invariants of these spaces obtained from these relations with Mathematica. It also includes extensive tables of Welschinger's invariants in low degrees.
WDVV-type relations for Welschinger's invariants
Let pX, ω, φq be a compact real symplectic fourfold, i.e. ω is a symplectic form on X so that φ˚ω "´ω. The fixed locus X φ of the anti-symplectic involution φ on X is then a Lagrangian submanifold of pX, ωq. We denote by J ω the space of ω-compatible (or -tamed) almost complex structures J on X and by J φ ω Ă J ω the subspace of almost complex structures J such that φ˚J "´J. Let c 1 pX, ωq " c 1 pT X, Jq P H 2 pXq be the first Chern class of T X with respect to some J P J ω ; it is independent of such a choice. For B P H 2 pX; Zq, define ℓ ω pBq " @ c 1 pX, ωq, B D´1 P Z, xBy l " # 1, if 2l " ℓ ω pBq´1; 0, otherwise.
For simplicity, the degrees of the curves below can be taken in the quotient of H 2 pX; Zq modulo torsion, but finer notions of degree (e.g. as in [6, 5] ) can also be used. These degrees form a group, which we denote by H 2 pXq. This group is closely related to H 2 pX; Zq. Let H φ 2 pXq " B P H 2 pXq : φ˚B "´B ( , H 2 pXq φ " H P H 2 pXq : φ˚H "´H ( .
The functionals ℓ ω p¨q and x¨y l induce functionals on H 2 pXq, which we denote in the same way.
For J P J φ ω and B P H 2 pXq, a subset C Ă X is a genus 0 (or rational) irreducible J-holomorphic degree B curve if there exists a simple (not multiply covered) J-holomorphic map u : P 1 ÝÑ X s.t. C " upP 1 q, u˚rP 1 s " B.
A point x P C is a simple node ifˇu´1
pxqˇˇ" 2 and à zPu´1pxq
Im d z u " T x X .
An irreducible J-holomorphic degree B curve C is real if φpCq " C. If such a curve exists, B P H φ 2 pXq. For a real irreducible J-holomorphic degree B curve C, we denote by δ E pCq the number of nodes of C that are isolated points of C XX φ .
Suppose the (real) dimension of X is 4, B P H 2 pXq, and l P Z ě0 is such that
For a generic J P J φ ω , there are then only finitely many rational irreducible real J-holomorphic degree B curves C Ă X intersecting a connected component q X φ of X φ and passing through k points in q X φ and l points in X´X φ in general position. According to [15, Thm. 0 .1], the sum
over the set of these curves is independent of the choices of J and the points. This signed count of genus 0 curves is now known as Welschinger's invariant. If the number k in (1) is negative, we set N φ B,l p q X φ q " 0.
If B P H 2 pXq, ℓ ω pBq ě 0, and J P J ω , there are only finitely many rational irreducible J-holomorphic degree B curves C passing through ℓ ω pBq points in general position. The number of such curves counted with appropriate signs is independent of the choices of J and the points. This is the standard (complex) genus 0 degree B Gromov-Witten invariant of pX, ωq with ℓ ω pBq point insertions; we denote it by N X B . If ℓ ω pBq ă 0, we set N X B " 0.
For B, B 1 P H 2 pXq, we denote by B¨XB 1 P Z the homology intersection product of B with B 1 and by B 2 P Z the self-intersection number of B. Define
Since φ is an involution, dpB 1 q P 2Z for every B 1 P H 2 pXq. The theorem below follows immediately from [4, Thm. 1.1], which establishes similar relations for signed counts of real J-holomorphic maps as in [13, 6] , and [5, Thm 12.1] , which compares the signs of these counts with the signs of Welschinger's invariants. (SWDVV1) If l ě 1 and ℓ ω pBq´2l ě 1 (i.e. k ě 1), then
In the case of P 2 with the standard conjugation τ 2 , (SWDVV1) and (SWDVV2) restrict to the two relations of [14, p13] ; see Section 2. Theorem 1 is applied to P 1ˆP1 with the two natural orientation-reversing involutions in Section 3. In Section 4, we apply it to blowups of pP 1 , τ q at real configurations of points following [8] . In all of these cases, the relations of Theorem 1 are shown explicitly to determine Welschinger's invariants completely.
2 Projective plane P
2
The fixed locus of the standard conjugation
on the complex projective plane is the real projective plane RP 2 . The groups H τ 2 2 pP 2 q " H 2 pP 2 q are identified with Z via the standard generator L " rP 1 s.
For d P Z`and l P Z ě0 , we set
Since there is a unique line P 1 through every two points in P 2 ,
Since a generic conic (degree 2 curve) in P 2 is an embedded P 1 ,
Kontsevich's recursion for P 2 can be written as
The first two formulas of Theorem 1 in this case give [14, (10) ] If d ě 2, l ě 1, and 3d´2l ě 2 (i.e. k ě 1), then
The pd, lq " p2, 2q cases of these recursions reduce to
1,0 . Taking the difference between the above recursions for N τ 2 d`1,2 with d ě 2 as suggested at the end of [14] , we obtain
The three recursions above determine all numbers N Table 1 3 Quadric surfaces P
1ˆP1
Let τ : P 1 ÝÑ P 1 be the standard conjugation on P 1 ; its fixed locus is RP 1 « S 1 . The fixed loci of the anti-holomorphic involutions
1,1 pz 1 , z 2 q "`τ pz 2 q, τ pz 1 q˘, are the two-torus RP 1ˆR P 1 and the anti-diagonal two-spherè
The group H
For a, b P Z ě0 with pa, bq ‰ p0, 0q, d P Z`, and l P Z ě0 , we set
By symmetry,
pb,aq,l . Since a degree p1, bq-curve in P 1ˆP1 corresponds to a degree b polynomial on C,
Since a degree pa, 0q-curve in P 1ˆP1 is a degree a cover of a horizontal section,
The complex WDVV recursions for P 1ˆP1 can be written as
The anti-diagonal involution
The first two formulas of Theorem 1 in the
The first and third recursions above determine all numbers N
The low-degree numbers obtained from these recursions and shown in Table 2 
The product involution
With H 1 , H 3 " L 1 and H 2 " L 2 , the first and last formulas of Theorem 1 in the pP 1ˆP1 , τ 1,1 q case give (τ 1,1 1) If a, b ě 0, l ě 1, and pa`bq´l ě 1 (i.e. k ě 1), then
Taking the difference between the above recursions for N
pa,b`1q,1 with a ě 2, we obtain
The first and third recursions above determine all numbers N τ 1,1 pa,bq,l with a ě 2. The low-degree numbers obtained from these recursions and shown in Table 3 agree with [10, p586] .
4 Real blowups of P 2 For k P Z ě0 , we denote by P 2 k the blowup of P 2 at a generic collection of k points. For r, s P Z ě0 , we denote by τ r,s the orientation-reversing involution on the blowup
of P 2 at r real points and s conjugate pairs of points in pP 2 , τ 2 q. The conjugation τ 2 on P 2 determines a conjugation τ r,s on P 2 r,s ; its fixed locus pP 2 r,s q τr,s is the real blowup of RP 2 at r points. Before formulating recursions for Welschinger's invariants of pP 2 k,s , τ r,s q obtained from Theorem 1 as in [8] , we recall the recursions of [7, Thm. 3.6] for the complex GW-invariants of P 2 k .
The complex case (after [7])
Let rks " t1, . . . , ku. We denote by L P H 2 pP 2 k q the pull-back of the line class L in P 2 . For each i P rks, let E i P H 2 pP 2 k q be the class of the exceptional divisor for the i-th blowup point. The classes L and
is different from all of E i , contains a smooth curve, and satisfies ℓ ω pB pd,pc 1 ,...,c kě 0, then
The restrictions on the first line above are obtained by intersecting (2) with the homology classes
respectively; all of these classes contain smooth curves. The first condition on the second line is obtained from
The last condition follows from arithmetic genus considerations for the image of a curve in the homology class (2) under the projection to P 2 .
For an element v " pd, pc 1 , . . . , c kof H k , we define
If in addition i P rks, define
xv, e i y " c i .
The (complex) GW-invariants N k v vanish unless v satisfies all conditions in (3). These numbers are preserved by the permutations of the elements of the k-tuple part of v. Furthermore,
Along with these identities, the next two recursions determine all numbers N k v with v P H k and k P Z ě0 .
[7, R(m)] If ℓpvq ě 3, then
[7, R(i)] If ℓpvq ě 0 and i P rks, then
The real case (after [8])
For r, s P Z ě0 , let
r,s q, @ i P rrs, and Eì , Eí P H 2 pP 2 r,s q, @ i P rss,
be the classes of the exceptional divisors corresponding to the real blowup points and to the conjugate pairs of blowup points, respectively. The subgroup H τr,s 2 pP 2 r,s q of H 2 pP 2 r,s q is freely generated by the classes
For r, s P Z ě0 , define
. . , c r`2s q˘"`2d, p2c 1 , . . . , 2c r q, pc r`1`cr`2 , . . . , c r`2s´1`cr`2s q˘.
For an element v " pd, a, bq "`d, pa 1 , . . . , a r q, pb 1 , . . . , b s q9 of H r,s and l P Z ě0 , we define
Bv ,l , ℓpvq " 3d´1´r
If in addition ǫ P t0, 1u, i P rrs, j P rss, and F " R, C, let
Define x¨,¨y : H r,sˆHr`2s ÝÑ Z,
For an element v 1 " pd, pc 1 , . . . , c r`2sof H r`2s , i P rrs, and j P rss, let These numbers are preserved by the permutations of the elements of the tuples a and b. Furthermore,
With H 1 , H 2 " L, H 3 " E R i for i P rrs, and H 3 " E C i for i P rss, Theorem 1 in the (P 2 r,s , τ r,s ) case gives (τ r,s 1) If l ě 1 and ℓpvq´2l ě 1 (i.e. k ě 1), then
(τ r,s 3) If l ě 1 and either F " R and i P rrs or F " C and i P rss, then
Taking the difference between (τ r,s 1) and (τ r,s 2) for N r,s pd`1,a,bq,2 and the difference between (τ r,s 1) times xv, e 
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d, a, b 5, p2 2 q, p2q 5, p3, 2q, p2q 6, p2 2 q, p2q 6, p3, 2q, p2q 6, p3 2 q, p2q 6, p2 2 q, p3q 6, p3, 2q, p3q 7, p2 2 q, p2q C  96  1  79416  3510  96  96  1  77866800  l=0  32  1  7368  606  32  32  1  2316864  l=1  20  1  3360  318  20  20  1  876576  l=2  12  1  1440  158  12  12  1  315936  l=3  8  584  78  8  8  1  108040  l=4  248  46  34720  l=5  9968  l=6 1152 l=0 16  2640  16  625728  8352  64  227372544  4232448  65920  l=1  8  1024  8  210240  3072  32  67970688  1322112  22528  l=2  4  352  4  65184  1024  16  19175808  383424  7168  l=3  4  112  4  18248  320  8  5035008  102208  2176  l=4  80  4640  96  0  1208320  25344  640  l=5  1104  -64  264192  5984  -128  l=6  -1152  53376  -2304  l=7  -25984   Table 11 : The counts N 4 pd,bbq of complex genus 0 degree B pd,bbq curves in P 2 4 through ℓpd, bbq points (the C line) and Welschinger's invariants N 0,2 pd,pq,bq,l of real genus 0 degree B pd,bbq curves in P 2 0,2 through l conjugate pairs of points and ℓpd, bbq´2l real points.
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d, a, b 6, p2 2 q, p2 2 q 6, p3, 2q, p2 2 q 7, p2 2 q, p2 2 q 7, p3, 2q, p2 2 q 7, p3 2 q, p2 2 q 7, p2 2 q, p3, 2q 7, p3, 2q, p3, 2q C  3240  96  4974460  320160  16608  16608  620  l=0  236  20  67608  8320  864  808  80  l=1  108  12  24530  3344  392  336  40  l=2  52  8  8332  1280  176  120  16  l=3  2518  432  72  16  l=4  320   Table 17 : The counts N 6 pd,abbq of complex genus 0 degree B pd,abbq curves in P 2 6 through ℓpd, abbq points (the C line) and Welschinger's invariants N 2,2 pd,a,bq,l of real genus 0 degree B pd,a,bq curves in P 2 2,2 through l conjugate pairs of points and ℓpd, abbq´2l real points.
d, b 5, p2 3 q 6, p2 3 q 6, p3, 2 2 q 7, p2 3 q 7, p3, 2 2 q 7, p3 2 , 2q C  1  3240  1  4974460  16608  12  l=0  1  78  1  15864  244  4  l=1  1  30  1  4794  88  2  l=2  22  1340  28  0  l=3  334  -16  l=4  -320   Table 18 : The counts N 6 pd,bbq of complex genus 0 degree B pd,bbq curves in P 2 6 through ℓpd, bbq points (the C line) and Welschinger's invariants N 0,3 pd,pq,bq,l of real genus 0 degree B pd,pq,bq curves in P 2 0,3 through l conjugate pairs of points and ℓpd, bbq´2l real points.
Department of Mathematics, Stony Brook University, Stony Brook, NY 11794 xujia@math.stonybrook.edu
